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Abstract 

Recently, a new concept, primitive chaos, was proposed, as a concept closely 
related to the fundamental problems of sciences themselves such as determinism, 
causality, free will, predictability, and irreversibility [J. Phys. Soc. Jpn. 79, 
15002 (2010)]. This letter reveals a structure hidden behind the primitive chaos; 
under some conditions, a new primitive chaos is constructed from the original 
primitive chaos, this procedure can be repeated, and the hierarchic structure of 
the primitive chaos is obtained. This implies such a picture that new events and 
causality is constructed from the old ones, with the aid of the concept of a coarse 
graining. As an application of this structure, interesting facts are revealed for 
the essential condition of the primitive chaos and for the chaotic behaviors. 

Keywords: chaos, time series, causality, coarse graining, hierarchic structure, 
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1 Introduction 

Recently, a new concept, primitive chaos, was proposed, as a concept closely re¬ 
lated to the fundamental problems of sciences themselves such as determinism, 
causality, free will, predictability, and irreversibility mm- 

Definition 1. If a set X, the family of nonempty subsets of X, {X\, X G A}, 
and the family of maps, {fx^ ■ X\ X, X G A}, satisfy the following property 
(P), {X, {Aa, a £ A}, {fxxj A £ A}) is called a primitive chaos. 

(P) For any infinite sequence ojq, ‘j-’i, ^ 2 , ■ ■ there exists an initial point xq £ 
UJQ such that 

fujQ (^o) £ 5 fiJl (,fujQ (^o)) ^ ^2 5 ■ • ■ 5 (f ) 

where each uii is an element of the family {X\, A £ A}. 


In the primitive chaos, each set X\ implies an event or a selection, each sequence 
i^n)^=o implies a time series, and each map fx^ implies a law or causality mm- 
Under natural conditions, the primitive chaos leads to the characteristic 
properties of the conventional chaos [111], such as the existence of a nonperi¬ 
odic orbit, the existence of the periodic point whose prime period is n for any 
n £ N, the existence of a dense orbit, the density of periodic points, sensitive 
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dependence on initial conditions, and topological transitivity. In this sense, this 
primitive chaos is literally a primitive chaos. 

Then, the following proposition was proposed [I], which exhibits sufficient 
conditions for the guarantee of existence of the primitive chaos. Here, a topo¬ 
logical space X is said to be countably compact, provided that every countable 
open cover of X has a finite subcover; thus, any compact space is countably 
compact. 

Proposition 1. If X is a countably compact space, {Xx, A S A} is a family 
of nonempty closed subsets of X, and {/x^, A G A} zs a family of continuous 
surjections, then they satisfy the property (P). 

However, the condition of {fxx , A G A} seems to be too artificial or strong [U 
[5] , and thus we explored conditions for the guarantee of existence of such maps 
from a topological viewpoint. Then, we attained two characteristic concepts, 
nondegenerate Peano continuum and Cantor set, along with the concepts of 
hierarchy, coarse graining, self-similarity, and logic Dili- 

A nondegenerate set means a set consisting of more than one point. A Peano 
continuum is a locally connected continuum, and a continuum is a nonempty 
compact connected metric space. The nondegenerate Peano continuum is a 
general or universal concept such that it has many examples such as all arcs, 
all n-cells, all n-spheres, all toruses, all solid toruses, all trees, all graphs, all 
nondegenerate dendrites, and all Hilbert cubes [5]. 

A Cantor set is a space homeomorphic to the Cantor middle-third set, and 
it is known that a space is a Cantor set if and only if it is a zero-dimensional 
perfect compact metrizable space [5]. A topological space is zero-dimensional 
provided that there is a base for its topology such that each element of the 
base is clopen (closed and open), and a topological space is perfect provided 
that it contains no isolated points. The Cantor set is also a general or universal 
concept, quite differently from the special set, the Cantor middle-third set mM- 

If X is the nondegenerate Peano continuum or the Cantor set, X guarantees 
not only the existence of the primitive chaos, but also the existence of its infinite 
variety mm- Then, these results seem to be an answer of the question “Why 
we are surrounded by diverse chaotic behaviors?” laig. 

In addition, we can see the contrast of these concepts because the nonde¬ 
generate Peano continuum is characterized by its continuum and the Cantor 
set is characterized by its zero-dimensionality. This contrast reminds us of 
two contrast aspects of matter from a macroscopic viewpoint and a microscopic 
viewpoint. Then, the concepts of continuity (continuum) and discreteness (zero- 
dimensionality) seem to be our intrinsic concepts for the method of recognizing 
phenomena [5]. 

Then, we obtained the concept of hierarchic structure of the primitive chaos 
from the relation of whole and part If Af is a nondegenerate Peano 

continuum (or a Cantor set), it has infinitely variety of the primitive chaos such 
that for each primitive chaos {X, {ACa, A G A}, {fxxj ^ ^ A}), each set Xx 
is also a nondegenerate Peano continuum (or a Cantor set) as a subspace of 
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the whole space X. Therefore, each set Xx itself has infinitely variety of the 
primitive chaos. This procedure can be repeated, and we can see the hierarchic 
structure of the primitive chaos. 

In this study, we obtain another hierarchic structure of the primitive chaos, 
by focusing on the time series {u!n)^=o of the property (P). By exploring a space 
consisting of the time series, we see the emergence of events and causality of 
new primitive chaos from the original ones. 


2 Hierarchic Structure of Primitive Chaos 

At first, let us suppose that the primitive chaos {X, {Xx, X G A}, {fxx: ^ S A}) 
satisfies the following conditions ([2])-([5]) which play an important role in leading 
the primitive chaos to the properties of the conventional chaos [3]. 

X=\JXx. (2) 

AgA 


A = {1,..., m}, TO > 2; 


that is, 


that is. 


A is a nondegenerate finite set. 

(X,d); 

X is a metric space equipped with metric d. 

sup diadfxl{---fxljX)---)^0, 

AgA} 

(n —A oo). 


(3) 

(4) 

(5) 


where diad A denotes the diameter of A for the metric d. 

Then, let us consider the set of all the sequences in the property (P) of the 
primitive chaos. 


S = {K)“ol w„G{Xi,...,X„}}. (6) 

Defining the discrete topology for the set {Xi, ..., Xm}, from the relation 

OO 

X:=Y[Yr, {Yn = {Xi,...,Xm}), (7) 

n—0 

we can introduce the product topology for E; that is, we can consider a sequence 
space [4]. 

Since the space [Xi,... ,Xm} is compact, the space E is compact by the 
Tychonoff’s theorem. Since the space {Xi,..., X^} is metrizable, the space 
E is also metrizable. For a point (a;„)5^Q G E and an open set U containing 
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{ijJn)^=o, by the definition of the product topology, there exists a number N 
such that 


(wn)“=o e {wo} X • • • X {wat} X C U, (8) 

n—A^+1 

and thus the space S is perfect because m > 2. In addition, since the set 

N OO 

U Fo X • • • X y,_i X (y, - {w,}) X Y[ Yn (9) 

is an open subset of S, the set {wo} x • • • x {wat} x IUJ^at+i is a clopen 

subset of E, and thus the space E is zero-dimensional. Namely, the space E is 
a Cantor set, and thus it itself can infinitely generate the primitive chaos. 
Next, let us consider the shift map 

cr : E E, (w„)5^o (‘^ra)5^0 = ^n+l), (10) 

that is, the symbolic dynamics [3]. This map is obviously a surjection, and from 
the relation 


cr({a;o} X • • • X {wjv} x Yn) 

OO 

= {wi} X • • • X {wat} X y„ (11) 

n—N-\-l 

for any N, the map a is continuous. 

Let us explore the relation between this map a and the family {fxi, ■ ■ ■, fxm } 
of the primitive chaos. At first, note that the condition (O leads to the unique¬ 
ness of the initial point xq of the property (P) |3]. Therefore, we can consider 
the map 


5:E^A, (a;„)“o^a:o, (12) 

where xq is the unique initial point of the property (P) for the given sequence 
(wn)))To' From the condition for any xq & X, there exists a sequence 
(w„)))To satisfying the condition o, and thus the map g is a surjection. 

In addition, the map g is continuous. Let U be the open subset of A, which 
contains the point g((a;„)))Tg) in X. From the condition ([5]), there exists a 
number N such that 


(13) 

Then, since the relation 

OO 

9{i^u)n=o) e ^({Wo} X • • • X {wat} X Yn) 

n—N-^1 
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( 14 ) 


= fxlj-fxtjX)-) 

is satisfied, the map g is continuous. 

Furthermore, for each j, the relation 

9 o <^\g~Hx,) = fx, o 5|g-i(x,) (15) 

is obtained. For each (a;„)((^g G g~^{Xj) and any N, 

giMT^o) e fxl(.fxt,i---fxtjx).-.)), (16) 

and thus 

fx, (5(K)“ o)) € fxl, (• ■ • fxt, (X) ■ •.). (17) 

Therefore, 

/x,(5((a;„)“ o)) = ff(K)“=i) = 5(a((a;„)“ o))- (18) 

Consequently, we can now see such a situation that by the use of the continuous 
surjection g : T, ^ X, the family {fxi,---,fx^} of the primitive chaos is 
correlated with the shift map cr : E —E. 

Let us further explore this relation. At first, recall the concept of a decom¬ 
position space, which can be recognized as a coarse graining [311 [7]. 

Definition 2. For a topological space {Y,t) and a partition T) ofY, 

{ucv\ \JueT}[=T{v)] (19) 

ueu 

is called a decomposition topology, and {T>,t(T>)) is called a decomposition space 
of{Y,T). 

Then, let us consider the partition of the sequence space E as a quotient set 
by the equivalence relation 

(^n)n=0 {^n)n=0 5((^n)n=o) = 5((^n)n=o)j (^0) 

recall that the point 3 ((w„)((Tg) is the unique initial point describing the se¬ 
quence (w„)((Tq in the property (P). Then, since X is a Hausdorff space, E is 
compact, and g : E —^ X is a continuous surjection, the map 

h : Vg ^ X, g~^{x) >->■ x (21) 

is a homeomorphism, where Vg = { 5 “^(a:)| x G X} [3 [7]- Accordingly, if 
the original space X is a nondegenerate Peano continuum or a Cantor set, the 
decomposition space Vg of the sequence space E is so, and thus it itself can 
infinitely generate the primitive chaos. 
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Then, we can now obtain a new primitive chaos 


{T>g,{h ^{Xi),...,h ^{Xjn)},{fh~^Xi), ■ ■ ■, fh-^(Xm)}) 

from the original primitive chaos {X, {Xi,..., Xm}, {fxi, ■ ■ ■, fxm})^ where 

fh-Hxi) ■■ h-\X,) ^Vg,D^ o fx^ o h{D) (22) 

for each j. For any sequence (wra)))TQ such that each sequence a;„ is an element 
of the family {h~^{Xi ),..., h~^(Xm)}, there exists an initial point xq € h(ojo) 
such that 


fh(u;o)(^o) e h(u;i), fh(uJi)(fh(LJo)(^o)) e /i(w2), ■ ■ ■, (23) 

and thus the relation 


h~^(xo) e Wo, 

fujo{h~'^(xo)) = h~^{fh(ujo){xo)) e Wi, 

fojAUoih~^ixo))) = h~^{fh{uj,){fh{ujo)ixo))) e W2, 


(24) 


is satisfied. Accordingly, the property (P) is satisfied for 

{Vg,{h ^{Xi),...,h ^iXjn)},{ffi-l(^Xi), ■ ■ ■, fh-^{Xm)})^ 

that is, it is a new primitive chaos obtained from the original one. 

In addition, from the condition Q, the relation 

h-\Xi)U---Uh-\X„,)=Vg (25) 

is satisfied. Then, from the original metric d of X, the metric of 'Dg, 

p{D,D') = dih{D),h{D')), (26) 

can be introduced such that the metric space (T>g , p) is homeomorphic to the 
decomposition space {Vg.TiVg)) [5]. 

Then, the relation 


sup diap {Vg)---)^ 0, 



(n ^ oo) 

(27) 

is satisfied. For wq, ..., w„ e {/i ^(Xi),..., h 

~^{Xm)}, from the relation 


fuinO---of^^= h-^ 0 0 ■ 

• • O fhiuio) ° 

(28) 

the relation 





(29) 
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is satisfied. Then, by the definition (I^Sl) . the relation 

= (30) 

is satisfied; that is, the relation (EZl) is obtained. 

Consequently, we can obtain the new symbolic dynamics with respect to the 
new primitive chaos, and its decomposition space. Since this procedure can be 
repeated, we can see the new hierarchic structure of the primitive chaos. 

3 Properties 

Let us further explore the structure given in the previous section. At first, we 
can see the relation 


ct(<7 Hx)) C fh-i(x,){9 ^(a;)) (31) 

for each j and any x € Xj, as the relation of the maps tr : S —5> S and fh-^(Xj) ■ 
h~^{Xj) — Vg. For each (a;„)5^Q G a{g~^{x)), from the relation ([15]), the 
relation 


<7((wn)“=o) e g{a{g ^(a;))) 

= fx^{g{g~^{x))) 

= {fxA^)} (32) 

is satisfied. Therefore, the relation 

(w„)“=o G g~\fx,ix)) 

= h-\fx^{x)) 

= fh-Hx,){h~\x)) 

= fh-^{x,)i9~\x)) (33) 

is satisfied; that is, the relation m is obtained. 

Then, we can see the fact that each map fxj is a surjection, although this 
condition was unrequired. For each j, since the relation 

OO 

g-\Xg) = {X,} X l[Yr. (34) 

71 — 1 

is satisfied, from the relation dTSl) . the relation 

fxAX,) = fxM 9 ~\X,))) = gia{g-^{Xg))) = X (35) 

is obtained; that is, fxj is a surjection. 

In addition, if each set Xj is closed as required in Proposition 1, each map 
fxj is continuous, although this condition was also unrequired. Let a continuous 
surjection q : Y ^ Vg he defined by 

q = h~^ o g. (36) 


7 


From the relation m, the relation 

fh-HX,) o Q\g~HX,) = h-^ ofx^oho q|g-i(x,) 

= h-^ o g o a\g-^x^) 

= 9°cr|g-i(x,.) (37) 

is satisfied. Then, for a closed subset -F oiVg, from the relation 

C g-^hih-^Xg)))) 

= g-HXg), (38) 

the subset of the compact space S, 

9~'(fh-\xg)(^)) = a-^iq-HX))ng-\Xg), (39) 

is closed, and thus compact. Then, the subset of the Hausdorff space Vg, 

fk-\x,)i^) = qia-Hq-\T))ng-\Xg)), (40) 

is compact, and thus closed. That is, the map fh~^{Xj) is continuous, and thus 
the map fxg is continuous by the definition (1^ . 

These results are interesting. We obtained Proposition 1 by exploring suf¬ 
ficient conditions for the guarantee of existence of the primitive chaos. Then, 
the condition of {fxx^ A S A} (that is, each of them is a continuous surjection) 
seemed to be too artificial or strong. However, we can now see that the condi¬ 
tion is not only a sufficient condition, but also a necessary condition if each Xj 
is closed and the conditions ©-([S]) are satisfied. 

Furthermore, let us consider the following condition for the original primitive 
chaos. 


a; G Xj n Xj> ^ fxg (a;) = fxg, (x), (41) 

in addition to the conditions (H])-®. From the condition the unified map 

f:X^X,x^fxAx)(x€Xg) (42) 

can be defined, and / has the chaotic properties such as the existence of a dense 
orbit, the density of periodic points, and topological transitivity [3]. 

As described in the previous section, the new primitive chaos 

(Vg, {k~^(Xi), k~^(Xrr,)}, {fh-i(Xi), ■■■, fh-i(Xm)}) 

is constructed from the original one (X, {Xi, ..., X^}, {fxi, ■ ■ ■, fxm})- Then, 
the condition corresponding to the condition m, 

D G h-\Xg)nh-^{Xj,) 
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^ fh-Hx,)iD) = h-^(x^,){D), (43) 

is satisfied. As a matter of fact, for D € h~^{Xj) n h~^{Xj'), since h{D) G 
Xj n Xj', from the condition m, the relation 

h-Hx,)iD) = h-\fxAHm 

= h-\fx^,ih{D))) 

= h-Hx,,){D) (44) 

is satisfied. Accordingly, the unified map 

f-.Vg^ Vg, D ^ h-^x,){D) {D e h-\X,)) 

can be defined, and it has the properties such as the existence of a dense orbit, 
the density of periodic points, and topological transitivity. Since each map 
fh-^{Xj) is a surjection, the map / is also a surjection. 

Here, note that the relation 

f = h-^ofoh (45) 

is satisfied as the relation of the unified maps. As a matter of fact, for D G 
h~^{Xj), since h{D) G Xj, the relation 

Rd) = A-i(x,)(4?) 

= h-\fx,{h{D))) 

= h-Hf{h{D))) (46) 


is satisfied. 

Then, the map / is continuous, regardless of the closeness of each Xj. From 
the relation (TTKll . the relation 


goa = fog, (47) 

is satisfied. Then, from the relation (I45L the relation 


foq = h ^ofohoh ^og 


o 

o 
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II 


= qo a 

(48) 

is satisfied, and thus for a closed subset T oiVg, 


r^{^) = g(CT”^(9"^(J^))) 

(49) 


is closed; that is, the map / is continuous. Therefore, from the condition (HSl) . 
the map / is a continuous surjection, even though such a condition of / was not 
supposed. 

Lastly, let us consider the following conditions dsni) and (|5T|) for the original 
primitive chaos in addition to the conditions (HI)-® and (HTl) . 

|A| > 2; (50) 
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that is, X is nondegenerate. 

xeXjH Xj, => 31 s.t. f\x) i Xj n Xf, Vi > I. (51) 

Then, the unified map / has the chaotic properties such as nonperiodic or¬ 
bits, the periodic point whose prime period is n for any n € N, and sensitive 
dependence on initial conditions [3]. 

Here, the decomposition space Vg is also nondegenerate. Then, the condition 
corresponding to the condition (EU, 


D £ h-\Xj) n h-\Xj,) 

=> 31 s.t. f\D) ^ h-^{Xg) n h-^{Xy), Vi > /, (52) 

is satisfied. For D £ h~^{Xj) n h~^{Xj'), from the relation h{D) £ Xj fl Xj', 
there exists / such that f'^{h{D)) ^ Xj n Xji for any i > I. Then, from the 
relation 

h{f\D)) = f\hiD))^XgnXg,, (53) 

the relation 

f\D) i h-\x, n Xg,) = h-\Xg) n h-\Xg,) (54) 

is satisfied; that is, the condition (1531) is obtained. Accordingly, the unified map 
/ also has nonperiodic orbits, the periodic point whose prime period is n for 
any n S N, and sensitive dependence on initial conditions. 

4 Conclusions 

As the concept of primitive chaos is a starting point, a fertile structure hidden 
behind it is revealed. 

Under the conditions (11|)-(IS]), the hierarchic structure of the primitive chaos 
is constructed. The space E consisting of all the sequences of the family 
{Xi, ..., Xm} of the primitive chaos is a Cantor set. The shift map cr : E —)• E is 
a continuous surjection, and the map g ^ X, (a;„)))Tg i—>■ xq is also a contin¬ 
uous surjection, where xq is the unique initial point of the property (P) for the 
given sequence (a;„)()TQ. Then, the homeomorphism h : Vg ^ X, g~^{x) x 
is obtained, where T>g = {g~^{x), x £ X} is the decomposition space of E. By 
using h, we obtain the new primitive chaos 

{Vg, {h~^{Xi),h~^{Xm)}, {A-qjCi), ■ • ■, A-qx^)})- 

Here, each map fh-^{Xj) '■ h~^{Xj) Vg is defined by fh-^{Xg){D) = o 
fxj oh{D), and the relation a{g~^{x)) C fh-^(Xj){g~^{x)) is satisfied. Since the 
primitive chaos {Vg, {h-^{Xi),..., h-^{Xm)}, {A-qxi), ■ • ■, A-qx^)}) also sat¬ 
isfies the conditions corresponding to the conditions ([2])-([5]), this procedure can 
be repeated, and thus the hierarchic structure of the primitive chaos is obtained. 
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This structure leads to interesting results. Although surjectivity and con¬ 
tinuity were unrequired for each map fxj , we can obtain the fact that it is a 
continuous surjection if each set Xj is closed as required in Proposition 1. We 
obtained Proposition 1 by exploring sufficient conditions for the guarantee of 
existence of the primitive chaos. Then, the condition of {fxx! A G A} (that is, 
each of them is a continuous surjection) seemed to be too artificial or strong. 
However, we can see that the condition is not only a sufficient condition, but 
also a necessary condition if each Xj is closed and the conditions (HI)-® are 
satisfied. 

Under the condition dUD in addition to the conditions ®-®, the unified 
map f : X ^ X, x fxj{x) {x G Xj) is obtained such that it has the 
chaotic properties such as the existence of a dense orbit, the density of periodic 
points, and topological transitivity. Then, the unified map f : Vg ^ Vg, D ^ 
fh-^(Xj){D) {D G h~^{Xj)) is also obtained such that / = h~^ofoh, and it also 
has such chaotic properties. The map / is a continuous surjection regardless of 
the closeness of each set Xj, and the map / is so, even though such a condition 
of / was not supposed. 

Under the conditions ((^ and (jSTI) in addition to the conditions @-® and 
gj), the unified map / has nonperiodic orbits, the periodic point whose prime 
period is n for any n G N, and sensitive dependence on initial conditions, and 
the unified map / also has them. That is, as a primitive chaos is a starting 
point, a fertile structure is constructed, and it leads to interesting results. 

Here, recall that, in the context of the primitive chaos, each set Xi, each 
sequence (wn)^oi each map fxi, and a decomposition space imply an event, 
a time series, causality, and a coarse graining, respectively. Accordingly, the 
sequence space S implies a space consisting of all the time series, and the de¬ 
composition space 'Dg implies its coarse graining. Then, we can see such a 
picture that by the coarse graining, a new primitive chaos is obtained; that is, 
a new event h~^{Xi) and a new causality fh-^{Xi) ^re constructed from the 
original ones. Each event h~^{Xi) is the part of a coarse graining of a space 
consisting of all time series of the events of the original primitive chaos, and the 
causality fh-^(Xi) is defined on it. 

These consequences make us expect the possibility of a new field extending 
from the primitive chaos as it is a starting point. 
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